In the context of flow in porous media, up-scaling is the coarsening of a geological model and it is at the core of water resources research and reservoir simulation. An ideal up-scaling procedure preserves heterogeneities at different length-scales but reduces the computational costs required by dynamic simulations. A number of upscaling procedures have been proposed. We present a block renormalization algorithm using Haar wavelets which provide a representation of data based on averages and fluctuations.
Introduction
The term up-scaling is used in reservoir engineering to refer to the procedure by which a geological model is coarse grained into a flow model. This is essential in mod-elling mass transport correctly to gain an understanding of subsurface systems such as oil fields, ground water flow and waste deposits. Correct estimation of the transport properties of these reservoirs, including permeability, is vital for their management. For example, in the contexts mentioned above, good control of the fluid dynamics is necessary to ensure optimization of recovery and the safety of the environment (Noetinger et al. 2005) . The procedure presented in this paper, based on renormalization and wavelets, is a general coarse graining technique, inspired by the wavelet treatment of the Ising model and in line with the new developments that have been suggested in the field of materials modelling (Ismail et al. 2005 (Ismail et al. , 2003 .
In Sect. 1.1, the main up-scaling methods and related issues will be briefly reviewed. In Sect. 2 a short account of real-space renormalization and Haar wavelets will be given leading to the description of the proposed method in Sect. 3. Numerical simulations and results will be presented in Sect. 4.
The present paper is intended as a proof of concept of how wavelets can be used in the field of upscaling by establishing a specific formalism and applying it to the simplest cases. This allows us to explore the underlying workings of the method, an essential step towards the treatment of less trivial problems.
Up-scaling techniques
Numerous methods have been suggested for the coarsening of permeability in geological systems, the simplest being averaging techniques. As highlighted in a classic review (Renard and deMarsily 1997), we can subdivide up-scaling methods into three categories: deterministic, stochastic and heuristic. Further distinctions can be made between analytical and numerical methods. The main issue with up-scaling is the heterogeneity, which characterizes natural porous media on many different length scales. Heterogeneities range from millimeters to kilometers, due to the great variety of types of rocks and depositional processes that can be present in the same system. Often, there is no clear division between the system size and the length scales of the features or the size of the cells in the model. An analogy can be made between flow in porous media and currents through resistors. This is possible because of the nature of the equation for flow, Darcy's law, which is an elliptic equation relating flow to the gradient of the pressure just like Ohm's law relates current to voltage drop in conductors.
The problem of up-scaling is thus translated into solving the Laplace-like differential equation, encouraging the application of the wide range of methods that have been devised for this purpose in other fields, for example field theoretical techniques, perturbation expansions, effective medium theory, percolation approaches or more simply finite differences and finite elements methods, see Farmer (2002) for a recent review. A serious drawback of these techniques, especially perturbation and effective medium theory, is the underlying assumption that fluctuations in permeability are small.
Renormalization offers an alternative, allowing for large fluctuations in the system to be taken into account. Renormalization techniques are a step-by-step approach where the system is coarsened progressively, integrating out features on small length scales, leading to the large scale effective permeability. Moreover, renormalization can be applied to stochastic data sets by acting on the probability distribution of the considered property rather than on the single data points (Hastings and Muggeridge 2001) .
With the exception of geological modelling techniques involving object based methods and irregular grids, typically permeability data is interpolated stochastically from
